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NON-STATIONARY SUPERSONIC MOTION OF A COMPLEX DISCONTINUITY*
A.S. BYKOVTSEV and D.B. KRAMAROVSKII

An exact analytic solution is constructed for the non-stationary plane
problem of a fracture area starting at supersonic speed on which a
complex fracture process (shear with cleavage) is given. To describe
the fracture process occurring at the discontinuity, a kinematic
approach is wused for which the magnitude and direction of the
dislocation vector on the discontinuity are given on the whole fracture
area as a boundary condition. Laplace and Fourier transforms are used
to obtain the solution, and the Cagniard-de Hoop method is used to
invert the solution. Singularities of the displacement fields are
investigated in the elastic and shock waves that occur in the supersonic
motion of the discontinuity, and a detailed analysis is given of the
solutions obtained.

Stationary problems on the propagation of slits for a range of velocities lying between
the shear wave and compressional wave velocities /1-3/ as well as problems on the supersonic
cleavage of an elastic and elastic-plastic medium /4-7/ were examined in investigating
fracture processes occurring at velocities exceeding the velocity of elastic wave propagation
in the medium. Despite the significant number of papers devoted to the dynamics of
discontinuities, the question of the displacement fields originating for a discontinuity
propagating non-stationarily at a supersonic velocity has not been investigated in practice.
The main purpose of this paper is to obtain and analyse wave fields for a dislocation
discontinuity starting at a supersonic velocity. An analysis of wave fields for subsonic
propagation velocities of dislocation discontinuities is given in /8-13/.

1. Pormulation of the problem. Let a generalized dislocation discontinuity on which a
constant jump of the displacement vector [U (U,, U,,U)l =B (B, B, B,) = const is given (the
left end of the discontinuity is at rest and coincides with the z axis) start be propagate at
a constant velocity v from the origin of a Cartesian system of coordinates zyz along the
positive direction of the & axis in a homogeneous elastic isotropic medium at an initial time
t=0. We will assume that the discontinuity starts at a supersonic velocity, i.e.,u>> ¢, >
¢, (c, and ¢, are the longitudinal and transverse wave velocities), while the dimension
of the discontinuity along the 2z axis is quite 1large (the plane problem; the z
axis is perpendicular to the plane, Fig.l). The initial conditions are zero, and the medium
is at rest at infinity.

The generalized dislocation discontinuity can be represented in

Y the form of the sum of shear, cleavage, and antiplane shear discon-
Ly tinuities. Then we have at the upper edge of the discontinuity for
! 0For the shear discontinuity

U,="BH () H (t — av™), 0, =0 (.1

P fL— For the cleavage discontinuity
’ - Uy =",BH (x) H(t —av™), 04 =0 (1.2)

For the antiplane shear discontinuity

Fig.1 U, =1,ByH (z) H ¢ — 2o’} (1.3}

where H is the Heaviside unit function. The displacements on the lower edge of the discon-
tinuity have the same magnitude but opposite sign.

The problem of determining the wave field being generated by a dislocation discontinuity
starting at a supersonic velocity reduces to solving a system of equations for the potentials
¢ and ¢ as well as for components U, that have the form

Q,xx + Q,yy = C;JZ‘P"’ Yxx 4+ P, yy = Cs_zlpui Ugee + Uzyyy = *UL” (1.4)

(under given boundary conditions (1.1)-(1.3) and zero initial conditions), where the comma
before a subscript denotes the derivative with respect to the corresponding coordinate while
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the dot denotes the derivative with respect to time.
The potentials ¢ and +¢ are connected with the components of the displacement vector

by the relationships

Us=0x+ %y Uy=0y— %= (1.5)
The components of the stress tensor are defined as follows:
635 = My,xi; + n(Us,5 + Us,5) (1.6)

where &, is the Kronecker delta and ) and p are Lamé constants.

2. Comstruction of the solution. We will obtain the solution of this problem by applying
Laplace and Fourier transformations

0o

fu(z, ¥, k)= S F(z, y.t) exp(— kt)dt (2.1)
0

tr& ) == § 1@y exp(— ko) da

—o0

and using the Cagniard-de Hoop method to invert the solution.
Applying the transformation (2.1) to (1.4) and (1.5) we obtain

e = C exp (—yny), Yrr = C, exp (—yn,) (2.2}
Usrp = iEC exp (—yny) — Cyn, exp (—yny)
Uyr = — Cnyp exp (—ynp) — iEC; exp (—yn,)

Uur = Cy 6Xp (—yn,); np,s = kg, s + &2

Applying the transformation (2.1) alternately to (1.1)-(1.3) and taking account of (2.2)
we obtain systems of linear algebraic equations to determine the unknown constants C, Cy, C,.
From these systems we find:

for the shear discontinuity

C = 4,B,.2i§, C; = —A,B, (k%, %+ 28) n,*
for the cleavage discontinuity
C = —A,B, (K%, + 28) n,t, C, = —A,B,-2i¢
A, =22k V2n (kv + )]
for the antiplane shear discontinuity
Cy = B,[2V 2 kfkv 1 + ig)]*

Substituting the values found for (,C, and C(, into (2.2), we obtain, after making

the replacement of variables, = —ikPc,! and applying the inverse Fourier transformation
Dy 8 4 ¢ F}’-’dp -1
Uit = — 4nkp® S P +v exp [ch (P:t - ymp.s)] (23)

oo
f=yz m;.s=ﬁ;.s_P2a Y=cxv'y, Pp=1, B, =B=‘CPC;1
for the shear discontinuity
F.F = 2B.P: FS =B, (p*— 2Py

F? = —2B.Pm,, F,=B./P(p*—2PY)m;*

for the cleavage discontinuity
FFP = —B,P (2 — 2P} mp™*, F,* = 2B,Pm;,
F, = B, (p? — 2P%, F," = 2B,P?

and for the antiplane shear discontinuity F,° = B,p% the remaining values of F}’° equal zero.

Expression (2.3) in the time domain is inverted by the Cagniard method /14/. We define
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the Cagniard contour as follows
t = — (Px — ymp,s) cp !
We then obtain

P =_—7co80diTp 500, mp,=18in04 iT,  cosb (2.4)
Th s =1 — P, T=1tepRY, R:=22+ g% tg0=ylz
The first of relationships (2.4) determines the branch of a hyperbola in the complex P
plane for t>f, (Fig.2). Part of the contour T}, corresponds to the plus sign in (2.4)

while T, corresponds to the minus sign. For 7<Cfp . the Cagniard contour coincides
with the axis Re P (this part of the contour is not shown in Fig.2).

We pass from integration over the imaginary axis to
e Imp integration over the closed contour (Fig.2). The singularities
s of the integrand in (2.3) are the branch points P =3B,
73 and the pole P = —y. The branch points lie outside the
Cagniard contour. The location of the pole P = —y (y = ¢pv™l)

is determined by the magnitude of the velocity of discontinuity
propagation. It follows from the first relationship of (2.4)
that the pole lies outside the Cagniard contour for subsonic
values of the velocity v while the pole lies within the con-
A Ps tour for supersonic values of v for points with coordinates

2> 4 yv/V Bhe— v = zp.s

Using the theorem on residues and taking into account
that the integrals along I'*® equal zero according to the
Jordan lemma, as well as the fact that the integrand in (2.3)
has -an even real part and an odd imaginary part, we arrive at

ReP

Fig.2 the relationship (D};® 1is the residue at the pole P = —y)
UP® = kM%° 4 D (2.5)
o PP
My = 2npm Re[ S W—exp(—kt)dt]
Rep'Bp,s

D =Yk B 2F T exp [kep' (— v2 — ymyp, )] H (& — Zp,0)

where P is replaced by —y in the quantities F["® and mp,, in the last expression in
(2.5), and this expression is itself tabulated for the Laplace transform. The expression M%;°

is the direct Laplace transform of the integrand in the exponential.
Taking account of the properties of the Laplace transform /15/, we obtain

t
vt =\ mprae + ppe (2.6)
0

Py s CP F?‘e
MY = —2‘:"5,'1?— Re W H(t— Bp.s)
DY =Y B2FP H (t —tp,s) H(x — xp,5)
tps = (T + yV p.s¥ 2 —1)/v

Relationship (2.6) can be integrated analytically and we represent the final result in
the following form:

U, = AB,p?arc,"H, + D;° 2.7y
Ul = A{B.[2v?arc,” — F] + B, [(1 + B5%) In” —
ﬁsz'\w;l are,” + fo} Hy + D7, U = A(B.[F, — Bs*arc,’] —
B, [Bs® In® + 2yy,arc,” + f,} H, + D.°
Uy = A(B,[(2y* — 1) In® + 2pyparce,” + fp] +

By[Fy, —Bs? arc,’} H, + D, U, = A(B, [532'\’?;1 arc,” — 2y%In’° — ] +

B,[2v?arc,® — F)VH, + D,°
Fp o= (1sin20 4 2ysin 6) Tp, 5, fp, s, = (T cos 20 + 2y cos 6) Tp. s
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T, T, ,sin®

+
¥ = lp -85 are?’ =
In 1n oy arcy arctg T—<c03D

HP-SZ'H(T_ﬁP,S)’ Tp's=l/1.'2-—ﬁ?,,s, T = th/R
Bs® = 2y* — P, A = 1/(2xp?)

for subsonic values of v

1=V ¥ —Bhe, DY =0 (j=2y,2) (2.8)
(1¥p,s — 1T p, ) 8in? 0 + (B2 — (vy — Vo, s p, s) €08 O]
3,5 (¥ —TCOs 8)2 (T,  sin 6)3]

are}*® =1/, In

for supersonic values of v
Vo5 = Vﬁ;.s -7 29

B B 2 __ ov2
Dxp="E:—'V2Hm +2_ﬁyaf/—1_—‘y?TYHm

B J—— B
D =—% VVi“?sHm'l' 2_&([32_2?2)111‘1

Bﬂ
B, B -

DS =2—pa(ﬂz — 2y H; — 5;’ YV —vH,

. B, pr—2y B
D, =T W e Hoy + v
DS =1,BHy; Hpa=H@E—1p,)H(x—2p,0)
T
arcy’’ = arcsin p.sVp.s

Bp.s '|/(1: — Y cos 0)! 4y} sin?d

3. Analysis of the results. The solutions (2.7) for subsonic values of v agree with the
solutions obtained by the method@ of functionally invariant Smirnov-Sobolev solutions /8/. The
appearance of the quantities D}’ in the solutions corresponds to supersonic propagation of
the discontinuity. The part of the solution (2.7) corresponding to subsonic (supersonic)
motion of the discontinuity is used for the P-waves (S-waves) for transonic motion of the
discontinuity (¢, < v <lc).

The domain of action of the supersonic solution is determined by the unit functions
H(t — tp,4) and H(r —zp,,) in (2.6). This domain is bounded by the lines t,, f and Zp, Zs.
The lines z, and z, make angles ¢, = arccos y and ¢, = arccos (y/B) respectively with the x
axis. Consequently, the general wave pattern will consist of circular domains representing
the longitudinal and tranverse wave fronts and conelike domains bounded by the lines tp, s
and =z, z, due to supersonic motion of the discontinuity (Fig.3). The surface ¢, , can also

be considered as plane waves existing in the domain z >z, , and propagating along the rays

Zp,s. while the wave surfaces 1 = f§,, exist in all space.
We will investigate the gquantities D7’ defined by

(2.6) in greater detail. For a shear discontinuity these
quantities equal the first component of the expressions for

DE%  in (2.9), for the cleavage discontinuity it is the
s ¥

second component, and for the antiplane shear discontinuity
the quantity D.’ is defined in (2.9). The quantities
mentioned depend only on the ratio between the bulk wave
velocities and the velocity of discontinuity and are  in-
dependent of the time and coordinates of the observation
. point, which corresponds to a jump in the solution (2.7) for
Fig.3 . . - .
supersonic values of v. The domain x> xps 1s character-
ized by the fact that perturbations caused by the supersonic
motion of the discontinuity arrive first at points of this
part of space, and then the bulk elastic waves arrive. Only elastic waves arrive at points
of the domain z<C=z,, (Fig.3).
The direction of the jump in the displacement for a conelike "supersonic" surface (SS) in
the P-waves is perpendicular to the conical wave front (the line AB, Fig.3), and in the S-
waves is parallel to the conical front (the line AC, Fig.3). The direction of the displacement
jump for the antiplane shear discontinuity is perpendicular to the plane of Fig.3, while the
magnitude of the displacement jump depends on neither the ratio between the bulk wave velocities
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nor the velocity of spread of the discontinuity.

Under practical conditions the discontinuities being propagated are usually a complex
combination of shear and cleavage discontinuities. Consequently, from the viewpoint of
practical applications, it is interesting to analyse the displacement fields within the cone-
like "supersonic" domain as a function of the magnitudes of the cleavage and shear components
of the displacement vector at the discontinuity, as well as on the velocity of spread of the
discontinuity. Determining the total mangitude of the jumps D® and D®in P- and S-waves for
the domain mentioned we obtain for a complex discontinuity (By = Bcosa, B, = Bsina, B, =0)

DP = yBp2(cos o + 8,sina) Hy, D°=9yBp%(5,cosa —sina) H,, (3-1)
g B—v 5 B2
P nyvIi—p T wyF—¥

It is seen that the magnitudes of the displacement jumps in the P- and S-waves for a
complex discontinuity depend very much on the angle « (o = arctg (B,/B;)), that the dislocation
vector at the discontinuity makes with the plane of the discontinuity, {i.e., on the relation-
ship between the shear and cleavage components of the displacement vector at the discontinuity),
as well as on the velocity of spread of the discontinuity

Let us examine the following two ranges of variation of this angle 0 <Ca<{an/2 and n/2 <
o << n 1in greater detail.

For 0< a<n/2 the direction of the shear component of the displacement vector at the
upper edge of the discontinuity coincides with the direction of spread of the moving edge of
the discontinuity. 1In this case the jumps in the displacement behind the SS in the P-waves
are directed to one side for pure shear and pure cleavage discontinuities. Consequently, the
maximum amplitude of the displacements in the P-wave will reach a value of

DPay = /,Bp? [E__Il‘\iﬁg#]‘/. (3.2)

for a complex discontinuity for O0<{a<{n/2 and « = ah. = arctg §,.

The displacement jumps for the SS in the S-waves are parallel to the conical front and
are directed for O0<{a < n/2 to different sides for the pure shear and pure cleavage dis-
continuities (from € to 4 and from A to C, respectively, in Fig.3). Consequently, for o =

o, = arctg 8, we obtain D, =0, i.e., despite the supersonic motion of the discontinuity,

for a = a,° there will be no S-wave SS and S-wave radiation will be analogous to that
occuring for subsonic motion of the discontinuity.

For n/2<<oa<{a the direction of the shear component of the displacement vector at the
discontinuity is opposite to the direction of spread of the moving edge of the discontinuity.
In this case the displacement jumps behind the SS front in P-waves are directed to different
sides for pure shear and pure cleavage discontinuities and we obtain DS =0 for a=a =
/2 -+ ahax i.e., despite the supersonic motion of the discontinuity, for o = " there will

be no P-wave SS and the wave pattern of P-wave radiation will be analogous to that occurring
for subsonic motion of the discontinuity.

For n/2<<a<n the displacement waves for S-wave SS are directed to one side for pure
cleavage and pure shear discontinuities. Consequently, the maximum value of the displacement
in S-waves for a complex discontinuity for m/2<a <{n will reach a value of

Dﬁnax = 1/285/1/52 - ?2 (33)
for o = amax = /2 -+ a,.

Graphs of the functions D® and D°, respectively, are presented in Figs.4a and b in a
polar system of coordinates as a function of the angle variations o« (0 <{a < m) for dif-
ferent values of the velocity of spread of the discontinuity (curves 1, 2, 3 correspond to the
values ¢y =0.2, 083, 095 for f =19 (chalk) and B = 1. The solid lines correspond to
positive values of D?s, and the dashed lines correspond to negative values). Values of
the function D? reach maxima Dhax = 0.5, 0.61, 0.85 for ahay = 80, 60, 67° (for curves 1, 2, 3,
respectively). The absolute values of the function D° reach the maxima D, = 0.5, 0.53, 0.58

for amax = 165, 127, 113° (the directions in which the functions D?# reach the maxima and

vanish are denoted by dashed sections in Figs.4a and b).

The dependences of the values of the angles & on the velocity of spread of the discon-
tinuity for which a maximum is reached (the solid lines) and there are no SS (the dashed lines)
in the P-wave (Fig.5a) and the S-wave (Fig.5b) are presented in Fig.5 (curves 1, 2, 3 cor-
respond to values of B of 1.7 (granite), 1.9 (chalk), and 2.44 (clay shale)). For P-waves
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these curves have a minimum for "= B2 (B2 — 1)I""* where o* = arctg (B VP — 2) and
/2 + o,*. )
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Analogous curves for the S-waves (Fig.5b) have no extremum point and the values of the
angles for which the maximum is achieved vary montonically from = to zero as Y changes from
zero to B. Values of the angles a'; for which there is no displacement jump in the S-waves

vary from n/2 for y =0 to zero for y=f/JV2 and from n to =n/2 as the change p/} 2
=7 <w£.know from an analysis of the radiation patterns of seismic radiation in P- and S-waves
/8, 9, 11-13/ for a discontinuity propagating at the velocity v<Ce¢,<{c¢, that, as a rule, the
absolute magnitude of the displacement amplitude in S-waves exceeds by an order the magnitude
of the displacement amplitude in P-waves. The orders of magnitude of displacements behind the
SS front in P- .and S-waves are identical for supersonic motion of a discontinuity with velocity
v > Cp >

Absolute values of the displacement amplitudes D” (the solid lines) and D°® (the dashes)
are shown in Fig.6 for different values of ¢ (curves 1, 2, 3, correspond to the values y = 0.2;
0,83, 0.95 for B =1.9). It follows from an analysis of Fig.6 as well as of (3.1) that the
absolute value of the displacement jump in P-waves will be greater than the displacement jump
in S-waves for a >a. and a<a, where

ay = arctg [(BS; £ 1)/(B = 8;)]

and for o <<a_ and « > o, the absolute value of the displacement jump in S-waves is
greater than the magnitude of the jump in P-waves.

The dependences of the change in the angles «_ and «, on the velocity of spread of the
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discontinuity (y = ¢,/v) are shown in Fig.7 for p =1.7, 1.9, 2.44. The parameter «,_ varies
between 3m/4 and zero as y changes between zero and one. The magnitude of the angle o
for materials with the value f > 1.926 changes between an/4 and zero for 0<{y<{! and
for materials with the value’ B <1.926 between n/4  and zero for 0<{y<C [Y/oB2 (1 — (B2 + 1))/ =
Vo
° A jump by n occurs in the function «_ for y =17y, (Fig.7).

It follows from (3.2) and (3.3) that as ©v-—> oo (y— 0) the maximum value of the displace-

ment jump Dpmaf = B/2 will be reached behind the SS front in the P-wave for a pure cleavage

discontinuity, i.e., for o« = n/2, In the S-wave the maximum magnitude of the displacement
jump Dy = B/2 will occur for a pure shear discontinuity, i.e., for a=0, a=n,v—>o00. As

-1 (v—>c and vy —>f (v—¢) the quantities p?.. and Diax» Yrespectively, tend to
¥ p m

infinity, but the domains in which they take very large values shrink to a point, since the
angles ¢, =arccosy and ¢, = arccos (y/f) (Fig.3) become infinitesimal.

It -should be noted that the solutions (2.7)-(2.9) constructed are obtained under the
condition that the vector B = const. Consequently, they are a certain mathematical ideal-
ization of actual physical processes. For a more practical simulation of the physical processes
on the surface of discontinuity, the dislocation vector should be given in the form of a
certain function which depends on the coordinates and time. On the basis of the linearity of
the fundamental equations the solution of the problem with an arbitrary dislocation vector on
the discontinuity can be obtained by applying the convolution operation to the solutions (2.7)-
(2.9) constructed. Consequently, by considering (2.7)-(2.9) as solutions obtained in general-
ized functions, they can be utilized effectively to construct the solutions of a number of
more-general problems.

The question of whether or not the deductions made on the basis of the solution obtained
are conserved after applying the convolution operation is of interest. In our opinion,
qualitative effects associated with the behaviour of the radiation pattern of seismic radiation
on a conelike surface caused by the supersonic motion of a discontinuity are conserved.

The solution of the problem when a constant velocity jump is given on the discontinuity
can be considered as an example. Then the surface of discontinuity will have the shape of a
thin wedge and the dislocation vector B, on the discontinuity will depend linearly on the
time t. 1In this case the velocity field will be given by (2.7)-(2.9) and the solutions (2.7)~-
(2.9) should be integrated over the time t to obtain the total displacement field. Therefore,
the displacement field in the problem of the supersonic motion of a discontinuity with a
constant velocity jump can be represented in the form

H
Ups = S Uf;s (%, ¥y T) d‘r—i—DJT."s(t—tp, ) (3.4)
t
op, s

where U})* are functions from the relationships (2.7) that stand for the unit functions H, s

D}*  are determined in (2.7) and (2.9), ¢, . are the arrival times of the bulk P- and S-
waves at the observation point, and ¢,, is the arrival time of the "supersonic" waves at the
observation point.

Analysis of the results obtained indicates that the solution in the "supersonic" domain
is already determined by smooth functions without discontinuities and which depend linearly
on the time. The nature of the behaviour of this solution is the same as the solutions (2.7)-
(2.9), i.e., the deduction made on the basis of an analysis of the results in (2.7)-(2.9) are
conserved in general. The distinction will be that for Figs.4 and 6 it is necessary to
indicate at precisely what times these graphs have been constructed.

Thus, if graphs analogous to those presented in Fig.4 are constructed by means of the
solution (3.4), then their form will be identical with the graphs in Fig.4 if for P-waves
they were constructed at that time ¢ such that % —¢, =1, and for §-waves at a time i such
that 1, — 1t =1. If graphs analogous to those presented in Fig.6 are constructed from the
solution (3.4), then their form will be identical with the graphs of Fig.6, if they are con-
structed at the time i for P-waves and the time # for S-waves such that t;—t, =t — 4.
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MOMENT THEORY OF ELECTROMAGNETIC EFFECTS IN ANISOTROPIC SOLIDS*

I.G. TEREGULOV

A moment (polar) theory of deformable solids is constructed for
anisotropic media such as polarizable piezoelectric ceramics. The
linear theory 1is considered in detail and an explanation of the
non-linear change in the electric field inside a polarized piezoelectric
material (the Mead effect) 1is given. The classical theory of
electromagnetic effects in solids does not enable certain observed
effects to be described (for example, the Mead effect /1/). Attempts to
eliminate this drawback of classical theory /2, 3/ rest on the
introduction of the polarization gradient into the enthalpy as a
parameter of the process. Models of complex media which takes into
account the internal mechanical and electromagnetic moments have been
constructed in electrodynamics (for example /4, 5/) when electromagnetic
fields interact with the medium. Below, a solution of the problem is
given and an example of a natural description of the Mead effect is
presented.

Suppose =z (i =1, 2, 3) is a Lagrange system of coordinates frozen into a medium which
occupies a volume V with a boundary S. The vector r(z,¢), defines the position of a point
of this medium with respect to a fixed inertial system y?, where t is the time. The vector
r* =r + u(d, t) defines the position of material points of the medium after strain, where u
is the displacement vector. Further constructions which are carried out have the purpose of
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